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Non-Markovian dynamics, where the environment has memory

Memory kernels + quantum dilation

https://qflux.batistalab.com 
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Why Markovian Dynamics Fails?
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• Lindblad assumes memoryless bath

• Real environments have finite correlation times

• Examples:

• Solvent relaxation

• Vibronic coupling

• Long-lived coherences



What Is Non-Markovian Dynamics?
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• Future depends on the entire past

• Integro-differential equation

• Environment feeds information back



The GQME: Exact Reduced Dynamics
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• GQME:

Instantaneous bath MF memory term bath influence



Strategy of GQME Simulations
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1. From Hamiltonian of microscopic model (e.g., spin–boson)

2. Compute exact reference (TT-TFD)

3. Build projected Liouvillian

4. Compute memory kernel

5. Solve GQME classically

6. Embed non-unitary propagator into a unitary circuit

Complete workflow



Benchmark System: The Spin–Boson Model
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• Two-level system + harmonic bath.        

• System Parameters:

• bias ε

• coupling Γ

• temperature β

• spectral density 

Ohmic spectral density:

Initial thermal state:

JCTC_VI.ipynb

Script S.1.1

https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO


Reference Dynamics: TT-TFD
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• Numerically exact tensor-train method

• Produces σ(t) benchmark

• Shows oscillations + dissipation

JCTC_VI.ipynb

Script S.1.2

https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO


Step 1: Projected Liouvillian (No Memory)
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• Mean-field generator ⟨L⟩⁰ₙ

• Equivalent to closed-system dynamics

• Produces undamped oscillations

JCTC_VI.ipynb

Script S.2.1

Script S.2.1

https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO


Step 2: Building the Memory Kernel
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• Solve Volterra equation : JCTC_VI.ipynb Script S.3.4

• Projection Free Inputs  obtained by TT-TFD: Script S.3.3 JCTC_VI.ipynb

Script S.3.2

JCTC_VI.ipynb

https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO
https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO
https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO


Interpreting the Kernel
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• Some elements small → weak direct damping

• Others large → population–coherence transfer

• Kernel decays with bath memory time τB



Step 3: Baseline for the GQME
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• RK4 time integration:

• Matches TT-TFD exactly

JCTC_VI.ipynb Script S.4.2

https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO


Problem: GQME Is Non-Unitary
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• Obtain propagator by TT-TFD:

• Propagation:

• Propagator          is not unitary

• Quantum circuits require unitary gates

• Need embedding



Key Idea: Sz.-Nagy Dilation
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Quantum Workflow
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1. Solve GQME → get 

2. Rescale to contraction

3. Build dilated unitary

4. Compile into quantum gate

5. Measure populations



Circuit Architecture
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• 3 qubits total

• 2 system (vectorized density matrix)

• 1 dilation ancilla

• One global unitary gate

Compact Circuit

JCTC_VI.ipynb

Script S.6.1
Script S.6.2

Script S.6.3

JCTC_VI.ipynb

https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO
https://colab.research.google.com/github/batistagroup/qflux/blob/master/demos/manuscript/JCTC_VI.ipynb#scrollTo=xH_uJRizVXDO


Quantum Results vs Exact
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Memory Effects: Non-Markovian Quantum Simulations

• QASM simulation

• Excellent agreement with TT-TFD

• Noise only from sampling



Big Picture Take-Home
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• GQME gives formally exact reduced dynamics

• Memory kernels capture bath history

• Sz.-Nagy dilation enables quantum simulation

• QFlux provides an end-to-end workflow



Conceptual Unification
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• Closed systems → unitary evolution

• Markov open systems → Lindblad + dilation

• Non-Markov → GQME + memory + dilation

All simulation methods unified by Qflux under unitary embeddings



Closing the Series (for now)
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• Part I: Classical and Quantum Workflows

• Part II–III: Closed systems

• Part IV–V: Markov open systems

• Part V: Variational methods

• Part VI: non-Markovian memory
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