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Abstract
Wecompute the quantummetric tensor and its scalar curvature for the anharmonic oscillator for
positive and negative quadratic potentials, where the potential displays a double well, employing exact
numerical and perturbative procedures.We also introduce a formulation of the classical analog of the
quantummetric tensor by using a novel approach based on Fourier series, which is shown to
reproduce the relevant quantum features involved in the parameter space. It is remarkable that both
the exact quantum treatment and classical formalism recognize the negative oscillator parameter at
which the ground state starts to be delocalized in twowells.

1. Introduction

Exploring the quantumparameter space’s geometry has led to captivating insights into various physical systems
[1–5].Within these investigations, a prominent element is the quantumgeometric tensor (QGT), encompassing
the quantummetric tensor (QMT) in its real part and the Berry curvature in its imaginary part. This tensor holds
significance in quantum information processing applications, such as adiabatic and holonomic quantum
computing [6]. In these applications,minimizing errors corresponds to traversing geodesics on the control
parametermanifold [7]. TheQGTplays a vital role in describing quantumphase transitions (QPT) in the
thermodynamic limit and provides valuable information about the precursors to these transitions when dealing
with systems comprising afinite number of particles. Furthermore, following the ideas ofOzawa andGoldman
[8, 9], recently has been possible tomeasure theQMTexperimentally [10, 11], showing that theQGT can be a
relevant tool to describe quantumphenomena as, for example, the observations of the quantumgeometry that
enabled an evaluation of the quantumCramér-Rao bound (QCRB) [12, 13].

In this study, we extensively examine the geometry of the quantumparameter space for the anharmonic
oscillator. To our knowledge, a systematic investigation of the geometric properties of the quantumparameter
space of the anharmonic oscillator has not been undertaken. Therefore, one objective of this article is tofill this
gap by conducting a thorough analysis of the quantumgeometric tensor of this system.

To do this, we introduced a notion of distance in this space using the quantummetric tensor developed by
Provost et al [1] andZanardi et al [2].With the help of thismetric, we can reconstruct all the geometric
information of the parameter space, including the scalar curvature, which shows quite interesting behaviors for
both positive and negative oscillator parameters.

We employ two techniques to construct the quantummetric tensor for the ground state of the anharmonic
oscillator, which has a double-well potential in the case of negative oscillator parameters.We obtain an exact
numerical description performing a diagonalization in a truncated harmonic oscillator basis [14], including a
careful analysis of the convergence of all the relevant observables, alongwith the perturbativemethod outlined
byZanardi et al [2]. These numerical results are comparedwith a perturbative procedure of nonlinearization to
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express thewave function as a power series inλ [15], andwith a novel classical procedure employing Fourier
series. This particular approach involves constructing a classical analog of the quantummetric tensor [16],
offering the advantage of enabling the derivation of the classical equivalent of thematrix element of an operator
between the ground state and any excited state.

Themost important results of this work are that the classical analog of the quantummetric tensor
reproduces the relevant quantum features involved in the parameter space and that both the exact quantum
treatment and classical formalism recognize the negative oscillator parameter at which the ground state starts to
be delocalized in twowells.

The structure of the article is as follows: in section 2we introduce theQuantummetric tensor (QMT) and its
classical version, in section 3 the quartic oscillatorHamiltonian is presented, including the calculation of the
QMTemploying the exact numerical quantumanalysis, the quantumperturbative approach and the classical
formalism. A detailed comparison between the exact and perturbative quantummetrics is presented in
section 4, and between quantum and classical approaches in section 5. Section 6 contains the conclusions. In the
appendices tables and plots are presented, whichwould help the reader interested in reproducing the
calculations and to follow in detail how the comparisons are performed and atwhich level the different
formalisms provide similar results.

2.Geometry of the parameter space

In this section, we introduce some basic aspects involved in parameter space associatedwith quantumand
classical systems, as well asfix some notations.

2.1.Quantummetric tensor
We start by considering a one-dimensional quantum systemwith aHamiltonian H q p x, ;ˆ ( ˆ ˆ ) that depends on a
set of m real adiabatic parameters denoted by x = {x i} i 1, ,( )m= ¼ . It is assumed that theHamiltonian has at
least one eigenvector |Ψn(x)〉with nondegenerate eigenvalue En(x). Using this eigenvector, the components of
the quantummetric tensor (QMT) defined in them-dimensional parameter spaceof the system are given by
[1]

g Re , 1
ij

n
i n j n i n n n j n≔ ( ∣ ∣ ∣ ) ( )( ) á¶ Y ¶ Y ñ - á¶ Y Y ñáY ¶ Y ñ

where i xi≔¶ ¶
¶

. Thismetric provides the distance between the eigenvectors |Ψn(x)〉 and |Ψn(x+ δx)〉with

infinitesimally different parameters, namely g x x x
ij

n i j2ℓ ( )( )d d d= . For the purposes of this work, it is convenient

to introduce the perturbative formof thismetric [2]

g
O O

E E
Re , 2

ij
n

m n

n i m m j n

m n
2

∣ ˆ ∣ ∣ ˆ ∣
( )

( )( ) å=
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wherewe introduced the operators O Hi i
ˆ ˆº ¶ . Notice that to evaluate the expression (2) all thematrix elements

must be known. The advantage of this expression is that it shows that the components of theQMTare singular at
the points x* Î of the parameter space such that Em(x

*) = En(x
*). Thismeans that at the critical points of

theQPT, the components of theQMTare singular. However, in some cases, amore detailed analysis is
required [5, 17].

For the purposes of this study, we set n= 0 andwrite theQMT (2) as

g GRe , 3
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m
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where ∗ denotes the complex conjugate, andwe have defined the transitionmatrix elements
B Hi

m
i m0≔ ∣ ˆ ∣( ) áY ¶ Y ñ, that in the context of non-adiabaticmolecularmechanics are known as the non-adiabatic

coupling vectors [18, 19].
Tofind out whether the resulting singularities are genuine ormerely a result of the parameter spaceʼs

coordinates, we can resort to the scalar curvatureR, which does not depend on the coordinates used.
In particular, for a two-dimensional space endowedwith ametric tensor (theQMT, in this case), the scalar

curvature has the simple form [20]
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2.2. Classicalmetric tensor
Let us now consider a one-dimensional classical integrable systemdescribed by aHamiltonianH(q, p; x)
depending on the set of real adiabatic parameters x = {x i} i 1, ,( m= ¼ ). The natural coordinates for this type
of systems are the action-angle variables {I,f}, which allow towrite theHamiltonian asH(I; x) = H(q(f, I; x),
p(f, I; x); x) and can be used to define the torus average of a function f (I, f; x) as

f I x f I x, ;
1

2
d , ; . 7

N
N

0

2
( )

( )
( ) ( )òf

p
f fá ñ =

p

In this setting, the classical analog of the quantummetric tensor (1) is [21, 22]

   g I x t t t t t t; d d , 8ij i j i j

0

1
0

2 1 2 0 1 0 2 0( ) ( ( ) ( ) ( ) ( ) ) ( )ò ò= - á ñ - á ñ á ñ
-¥

¥

where 〈·〉0means that the classical average (7) is taken over the initial (t= 0) angle variable f0 and  ti( ) are m
time-dependent functions defined as

 t q t p t x H, ; . 9i i i q p,( ) ( ( ) ( ) ) ( ) ( )º = ¶

This classicalmetric tensor (CMT) provides ameasure of the distance, on the parameter space, between the
points [q(x), p(x)] and [q(x + δx), p(x + δx)]with infinitesimally different parameters, i.e.,
δℓ2 = gij(I; x)δx

iδx j.
Since the functions ti( ) are periodic in the angle variablef, they can be expressed as a Fourier series as

 t e , 10i
m

i
m m ti( ) ( )( ) ( )å b= f

¢=-¥

¥
¢ ¢

wheref(t) = f0+ ωtwithω = ∂H/∂I the angular frequency of the system, ‘i’ is the imaginary unit, and i
m( )b ¢

are the time-independent Fourier coefficients

I x I x; , ; e . 11i
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i
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Using the functions i
m( )b ¢ , it can be shown that the components of CMT (8) can be equivalently written as [23]
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This expression can be regarded as the perturbative formof theCMT, and in this sense, it is analogous to the
expression (2) of theQMT. The appealing feature of (12) is that it does not require solving the initial conditions
problem,whichmakes it suitable for this study. To determine if the resulting singularities of thismetric are
genuine or not, we can also compute the associate scalar curvature (5) of the two-dimensional case.

Notice that the CMT (12) can bewritten in a similar fashion as theQMT (3). In fact, using

i
m

i
m*( )( ) ( )b b=¢ - ¢ which follows from (11), theCMT can be expressed as

g I x; Re , 13ij
m
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m
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, 14ij
m i

m
j

m

2
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( ) ( )b b

w
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¢
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wherewe have defined 2i
m

i
m≔( ) ( )b b¢ ¢ ¢ . In this way, we can recognize the classical analog of the quantum

non-adiabatic coupling vectors Bi
m( ), which are our classical functions i

m( )b¢ ¢ . In section 5, wewill perform a
direct comparison of the quantum calculations and their classical analogs.
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3.Quartic oscillator and doublewell potential

TheHamiltonian of the quantumquartic oscillator is

H p
k

q q
1

2 2 4
, 152 2 4ˆ ˆ ˆ

!
ˆ ( )l

= + +

where k andλ are the systemparameters, whichwe adopt as our adiabatic parameters. Then, the associated
parameter space corresponds to a two-dimensionalmanifoldwith coordinates {x i} = (k, λ), i= 1,2.
Throughout this paper, we considerλ > 0. In the case k> 0, the potential has a singleminimum,while in the
case k < 0 it has twominima and is known as the double-well potential.

The anharmonic oscillator is a system that has been analyzed frommany points of view. In the original
articles by Bender andWu [24, 25], it was shown that, using semiclassicalmethods ofWKB, the large
n− behavior in the series expansion of the energy levels of the perturbation calculus is divergent. Later, this
studywas followed by the perturbative analysis of Lipatov [26] andBrézin et al [27], showing that the presence of
the instanton connecting the twominima of the potential is responsible for the non-Borel summability of the
perturbation expansion of the ground state energy. The anharmonic oscillator has served as a test system, useful
to extend the results to quantum field theory, and its large order behavior has been analyzed using instanton
contributions to the path integral representation ofGreen’s functions [28–31]. These studies were extended
considering the contributions ofmulti-instantons to the ground state in [32] and to excited states in [33].

In [34], it was shown that a summable perturbation series exists for the double-well potential employing an
effective coupling. Subsequently, in [35] a fast convergence in perturbation theorywas introduced using a simple
uniform approximation of the logarithmic derivative of the ground state eigenfunction. This technique
transforms the one-dimensional Schrödinger equation into a Riccati form, using the logarithmic derivative of
thewave function [36]. Using this approach, in [37] approximate eigenfunctions were obtained for the quartic
anharmonic oscillator, and also for the double-well potential [38, 39].

3.1.Quantumanalysis
3.1.1. QMT from a numerical calculation
The quantumHamiltonian (15) is easily representedwith the creation and annihilation operators considering
the following equations,

 
q

m
a a p i

m
a a

2
,

2
, 16ˆ ( ˆ ˆ ) ˆ ( ˆ ˆ ) ( )† †

w
w

= + = - -

where k mw = . Consequently, theHamiltonian becomes,

 H a a a a1 2 , 17
m2 4 4
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2 2
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· !

†= + + +w l
w

the respectivematrix elements of Ĥ can be represented in the Fock basis and are given by,
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w

¢
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With thesematrix elements, a truncatedHamiltonianmatrix is built with n n N, 0,[ ]¢ Î , whereN is the
finite truncated size on the Fock basis, which allows to obtainNconv converged eigenstates.We encode in
Mathematica [40] the calculations tofind thefirstNconv eigenstates |Ψm〉 of the system, preserving a numerical
accuracy of seventy digits of precision.

Using (15), for k andλwe get

O
H

k

q
a

2
, 191

2
ˆ ˆ ˆ

( )º
¶
¶

=

O
H q

b
4

. 192

4
ˆ ˆ ˆ

!
( )

l
º

¶
¶

=

Both quantities are substituted into (2). The cutoffNconv guarantees that the transitionmatrix elements of O1
ˆ

and O2
ˆ converged. Having obtained numerically the eigenstates, energies, and the transition operators O1

ˆ and
O2
ˆ we calculate numerically the elements of theQMT gij point by point in the bidimensional parameter space.
Employing the commandInterpolation[...,Method->Hermite] defined inMathematica, gij is
represented as a continuous, differentiable function. In this waywe can use the analytical expression (5) and
obtain the Ricci scalarR.
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The classical limit of theHamiltonian (15) has a double well potential if k < 0 and a simplewell if k > 0. To
visualize the behaviour in the q variable for the quantum system, we employ the ground state |Ψ0〉 expanded in
the quantumharmonic oscillator basis |Φl〉, so,

q q C q , 20
l

l l0 0 0,( ) ∣ ∣ ( )åY º á Y ñ = á F ñ

where the coefficientsC0,l= 〈Φl|Ψ0〉 are obtained in the numerical diagonalization and


 

q H m qexp , 21l
l

m m q
l

1

2

1 4

2l

2( )( )∣ ( ) ( )
!

wá F ñ = w
p

w-

withHl theHermite polynomial of l-degree.
The ground state probability distribution |Ψ0(q)|

2 tofind the particle at the position q has amaximumat
q= 0 for k > 0. For k < 0, it shows an interesting behavior, displayed infigure 1. It has onemaximum for small
values of |k| and, forλ = 0.2, it starts noticing the presence of the twowells at k≈− 0.15 and develops two
separated probability regions at k ≈ − 0.32. The delocalization of the probability distribution over the two
wells occurs when the ground state energy is lower than the top of the energy barrier between the twowells. This
effect can be best visualized infigure 2, where the blue lines represent the position of theminima of the classical
potential, the yellow bands the exact quantumground state probability distribution, with theirmaxima depicted
with red dots.

3.1.2. QMT from a perturbative approach
Herewe consider a perturbative treatment in the parameter λ since there is no exact analytical solution to the
resulting Schrödinger equation. Furthermore, we restrict ourselves to obtain the ground-state wave function
and its energy up to the 10th order in λ. To accomplish this task, wewill use themethod proposed in [15],
suitable forfinding corrections to large powers of λ. Thewave function generated by this approach, shown as an
example up to the fourth order in λ is

q e P P

P P ..., 22

k q q e

k

q e

k

q e

k

q e

k

0 96 1 55296 2

5308416 3 6115295232 4

k q k q
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2

2 2 1
2

2 2 2 1
2

2

5 2

3 2 1
2

2

4

4 2 1
2

2

11 2

( )

( )

Y = - +
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l l

l l

-
- -

- -

Figure 1. |Ψ0(q)|
2 forλ = 0.2. Dashed blue lines are the position for the classical critical point.
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where

P k q a3, 231
2 ( )= +

P k q kq k q b3 26 93 252, 232
3 2 6 4 2 ( )= + + +

P k q k q k q kq k q c141 17 813 2916 7992, 233
5 2 10 3 2 6 2 8 4 2 ( )= + + + + +

P k q k q k q k q k q

kq k q d

3 1198 82755 84 11748

443064 1599552 4447440. 23

4
7 2 14 5 2 10 3 2 6 3 12 2 8

4 2 ( )
= + + + +

+ + +

Using thewave function up to the tenth order inλ togetherwith the Provost andValle formula (1), we get the
QMTcomponents for k > 0
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where the coefficients a ij( )
a are given in the table 1. It is evident from the above equations that all the components

of theQMTwill divergewhen k → 0. It is also relevant tomention that the quantumperturbative analysis
presented in this subsection can only be performed for k > 0.

3.2. Classical analysis
In this section, we consider the classical counterpart of quantumHamiltonian (15), which is given by

H p
k

q q
1

2 2 4
, 252 2 4

!
( )l

= + +

and also take {x i} = (k, λ)with i= 1, 2 as the set of adiabatic parameters. The classicalmetric tensor for this
system in the case k > 0was obtained in [21], by using a formulation based on generating functions and
resorting to the canonical perturbation theory.However, in [21]neither the scalar curvature associatedwith the
geometry of the parameter space nor themore challenging case of k < 0were studied. The aimof the section is
to provide a complete analysis of the parameter space of these systems in both cases, k > 0 and k < 0, in the
framework of the Fourier-base formulation (12).

Figure 2. |Ψ0(q)|
2 forλ = 0.2 in function of q and k, the blue curve is the classical localization of the critical points, and the red curve

is themaximal value of |Ψ(q)|2 obtained numerically.
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To compute the classicalmetric (12), we begin by setting the functions (9). Using (25), for k andλwe get
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l

º
¶
¶

=

The next step is to obtain the Fourier coefficients (11), which requires first expressing these deformation
functions in terms of the system’s action-angle variables {I,f}. Since finding the action-angle variables for the
Hamiltonian (25) is not easy, we need to resort to the canonical perturbation theory [41].We carry this out by
separately considering the cases k > 0 and k < 0. It is essential to point out that functions (26a) and (26b) hold
for both cases.

3.2.1. Case k > 0
In the canonical perturbation theory, a problem is solved by decomposing theHamiltonian into awell
understood systemplus a perturbation term. Since in this case, we have only afixed point, shown infigure 3.

TheHamiltonian (25) can be decomposed asH = H0 + λH1, with

H p
k

q
1

2 2
, 270

2 2 ( )= +

H
q

4
. 281

4

!
( )=

Assumingλ = 1,H0 can be regarded as theHamiltonian of the unperturbed problem and haswell-known
action-angle variables {I0, f0}, which are related to the variables {q, p} as

q I x
I

a, ;
2

sin , 290 0
0

0
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p I x I b, ; 2 cos , 290 0 0 0
1 2

0( ) ( ) ( )f w f=

where k0w = is the frequency of the unperturbed system. Furthermore, in this settingH1 is understood as
the perturbative potential.

In the perturbation theory, the type 2 generating functionW(f0, I; x) of the canonical transformation from
(f0, I0) to the action-angle variables (f, I) of the totalHamiltonianH(I; x) can bewritten as

W I x I W I x W I x, ; , ; , ; ..., 300 0 1 0
2

2 0( ) ( ) ( ) ( )f f l f l f= + +

whereW1,W2,... are functions obtained by solving the differential equations [41, 42]
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Here, 0·á ñ is the classical averagewith respect to unperturbed anglef0 and, in particular, the first three functions

Φμ are obtained byΦ1 = H1,
W H
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¶
¶
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¶
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¶

. Using this, we compute the

functionsWμ forμ = 1,K,10, which are provided inA (see equation (A.1)).

Table 1.Coefficients of theQMT (24).

α a 1011 2[ ]( ) ´a
- a 1012 2[ ]( ) ´a

- a 1022 2[ ]( ) ´a
-

0 3.125 0.781 25 0.211 59

1 2.1484 0.724 28 0.252 28

2 1.5971 0.651 21 0.269 51

3 1.3201 0.622 12 0.294 84

4 1.2078 0.642 18 0.341 33

5 1.2156 0.718 47 0.422 64

6 1.3384 0.870 78 0.561 67

7 1.6053 1.1413 0.801 55

8 2.0893 1.6137 1.2271

9 2.9401 2.4552 2.0117

10 4.4588 4.0081 3.5236
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With the generating functionW at hand and bearing inmind the equations of the canonical transformation

I x
W I x

I
a, ;

, ;
, 320

0( )
( )

( )f f
f

=
¶

¶

I I x
W I x

b, ;
, ;

, 320 0
0

0

( )
( )

( )f
f
f

=
¶

¶

the variablesf and I0 can be calculated in terms off0, I, and the parameters x. Then, using (29a) togetherwith
the resulting action variable I0(f0, I; x), the classical deformation functions (26a) and (26b) can also be
expressed in terms of thef0, I, and x, i.e.  I x, ;1 1 0( )f= and  I x, ;2 2 0( )f= which are given in (A.2)
and (A.3) up to the fourth order inλ. Because of this, it is convenient to perform the change of variablef → f0

in (11), which allows us towrite the expression for the Fourier coefficients as

I x
I x

I x;
, ;

, ; e . 33j
n

j
n I x0

0
0

i , ;

0

0( )
( )

( ) ( )( ) ( )b
f f

f
f=

¶
¶

f f¢ - ¢

From this expressionwe obtain the coefficients I x;n
1 ( )( )b ¢ and I x;n

2 ( )( )b ¢ for n 0, 1, , 10¢ =  ¼  , which are
given in (A.4) and (A.5), respectively.

Substituting (A.4) and (A.5) into (12), the components of the classicalmetric tensor for k > 0 are

g
I

k
b

I

k
a1 , 34

11
cl

2

2
0

10
11

3 2
⎛
⎝

⎞
⎠

( ) ( )( )å l
= -

a

a
a

a

=

g
I

k
b

I

k
b1 , 34

12
cl

3

5 2
0

10
12

3 2
⎛
⎝

⎞
⎠

( ) ( )( )å l
= -

a

a
a

a

=

g
I

k
b

I

k
c1 , 34

22
cl

4

3
0

10
22

3 2
⎛
⎝

⎞
⎠

( ) ( )( )å l
= -

a

a
a

a

=

where the numerical coefficients b 11( )
a , b 12( )

a , and b 22( )
a are given in table 2. As in the quantum case, all the

components of theCMTwill also diverge when k → 0.

3.2.2. Case k< 0
In this case, the systempresents threefixed points corresponding to vanishing phase space velocities q p,( )  . The
points are

Figure 3.Energy surfaces for k = 1 andλ = 0.2.
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q p
k

a,
6

, 0 , 351 ⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )c
l

= = -
-

q p b, 0, 0 , 352 ( ) ( ) ( )c = =

q p
k

c,
6

, 0 . 353 ⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )c
l

= =
-

Infigure 4, we can see these points. The blue points correspond to χ1 and χ3, which are center points as long as
k < 0. Furthermore, the red point corresponds to χ2 and it is a hyperbolic point.

Taking into account this, it is convenient to carry out a transformation to a coordinate system centered onχ1

orχ3. Then, let us take the pointχ1 and consider the change of coordinates Q q k6= +
l

- andP= p. In

terms of the new variables theHamiltonian (25) reads

H P kQ
k

Q Q
k1

2 6 4

3

2
. 362 2 3 4

2

!
( )l l

l
= - -

-
+ -

Figure 4.Energy surfaces for k = − 1 andλ = 0.2. Blue points are the stable center pointsχ1 andχ3, whereas the red one is the
unstable center pointχ2.

Table 2.Coefficients of the classicalmetric tensor (34).

α b 1011 4[ ]( ) ´a
- b 1012 4[ ]( ) ´a

- b 1022 5[ ]( ) ´a
-

0 312.5 52.083 88.162

1 143.23 29.772 60.357

2 65.07 15.191 34.176

3 30.272 7.6057 18.337

4 14.402 3.8085 9.6513

5 6.9781 1.9169 5.0451

6 3.4315 0.970 81 2.6326

7 1.7079 0.494 72 1.3745

8 0.858 56 0.253 55 0.718 78

9 0.4352 0.130 62 0.376 65

10 0.222 16 0.067 608 0.197 81
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Since the constant term k3

2

2

l
does not affect the dynamics of the system, we can get rid of it. However, note that by

removing this term, we are removing the divergence in energy atλ = 0. Redefining the parameter l l¢ = ,
thisHamiltonian can be decomposed as H H H H0 1

2
2l l= + ¢ + ¢ with

H P kQ
1

2
, 370

2 2 ( )= -

H
k

Q
6

, 381
3 ( )= -

-

H
Q

4
. 392

4

!
( )=

Analogously to the previous case, we assume that 1l¢  . In this setting,H0 is just a harmonic oscillator since
k < 0 and then plays the role of theHamiltonian of the unperturbed problemwith action-angle variables {I0,
f0} given by

Q I x
I

a, ;
2

sin , 400 0
0

0

1 2

0⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )f
w

f=

P I x I b, ; 2 cos . 400 0 0 0
1 2

0( ) ( ) ( )f w f=

Here, k20w = - is the frequency of the unperturbed system. In addition, the termsH1 andH2 are
regarded as first-order and second-order potentials, respectively.

Following the same procedure as in the previous case, wefirst need to obtain the generating functionW. The
functionsW1, W2, ... involved in (30) are again obtained from (31), but with functions Φμmodified by the

presence ofH2. In particular, the first three functions Φμ are Φ1 = H1, H W H

I2 2
1

0

1F = +
f

¶
¶

¶
¶

and

W H

I

W H

I

W H

I3
1

2

2
1

0

2 1

0

2
1

2
2

0

1( )F = + +
f f f

¶
¶

¶
¶

¶
¶

¶
¶

¶
¶

¶
¶
. The resulting functionsWμ forμ = 1, K, 10 are given in (A.6).

Substituting these functions into (32)we get I0, which together with (29a) allows us to obtain the classical
deformation functions  I x, ;1 1 0( )f= and  I x, ;2 2 0( )f= through (26a) and (26b), respectively. In
(A.7) and (A.8)we give1 and2 up to thefirst order inλ. Then, plugging1 and2 into (33)we arrive at the
corresponding Fourier coefficients I x;i

n ( )( )b ¢ , explicitly shown in (A.9) and (A.10)for n 0, 1, , 10¢ = ¼ . The

functions I x;i
n ( )( )b ¢ for negative n¢ can be obtained from (A.9) and (A.10) by recalling that i

n
i
n *( )( ) ( )b b=- ¢ ¢ .

Substituting (A.9) and (A.10) into (12), the components of the classicalmetric tensor for k < 0 are

g
I

k
c

I

k
a, 41

11
cl

1 2
0

6
11

3 2
⎜ ⎟
⎛
⎝

⎞
⎠( ) ( )

( )( )ål
l

=
- -a

a

a

=

g
k I

c
I

k
b, 41

12
cl

1 2

2
0

7
12

3 2
⎜ ⎟
⎛
⎝

⎞
⎠

( )
( )

( )( )ål
l

=
-

-a
a

a

=

g
k I

c
I

k
c, 41

22
cl

3 2

3
0

8
22

3 2
⎜ ⎟
⎛
⎝

⎞
⎠

( )
( )

( )( )ål
l

=
-

-a
a

a

=

where the coefficients c 11( )
a , c 12( )

a , and c 22( )
a are given in table 3.

4.Quantumand classicalmetric tensors of the quartic oscillator and the doublewell
potential

The goal of this section is to compare the numerical QMTand analytical CMT for both cases k > 0 and k < 0.
Furthermore, we compute and analyze the corresponding scalar curvatures for thesemetrics, which allows us to
gain a better understanding of the geometry of the parameter space fromboth classical and quantum
perspectives.With this inmind, wefirst need to identify the value of the action variable I and its different powers.
This is done in appendix B, wherewe provide the corresponding identifications, whichwill be used for both
cases k > 0 and k < 0.

We begin by computing the scalar curvature of eachmetric. Using (5), the scalar curvature of the analytic
QMT (24) is


R d

k
1 , 42

0

8
1

3 2
⎛
⎝

⎞
⎠

( ) ( )å l
= -

a

a
a

a

=

+

where the coefficients dα are given in table 4. Analogously, the scalar curvatures of the CMT (34) for k > 0 and
theCMT (41) for k < 0with the identifications I f( )=a

a
a are
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R

h k

l k

1 if 0

if 0,

43

n k

k

cl 0

8
1

0

3

3 2

3 2

⎧

⎨

⎪

⎩
⎪ ( )

( )( )
( )

( )

å

å
=

- >

<

a

a l a

a
a

l a

=

+

=
-

where the coefficients hα and lα are provided in table 4. Fromnowon, we set ÿ = 1 to perform the comparisons
between classical and quantumobjects.

Infigure 5we plot the numerical QMTand the analytical CMT, as well as their corresponding scalar
curvatures. Remarkable, these plots show that theCMTcomponents for the regions k > 0 and k < 0 far from
k= 0 agreewell with the numerical QMT components, as can be seen infigures 5(a)–(c). In addition, this very
good agreement is also exhibited between the determinants and scalar curvatures of the CMTand theQMT, as
can be seen infigures 5(d)–(e). This proves that indeed for the regions k > 0 and k < 0 far from k= 0, theCMT
is capable of providing the same (or almost the same) geometry of the parameter space as its quantum
counterpart. However, we can also observe infigure 5 that in the vicinity of the regionwhere k= 0, the
components of theCMT exhibit a divergent behavior, in contrast to their quantum counterpart, which instead
display a peak. The origin of this can be traced back tofigure 2, where at k= 0, the ground state probability
distribution |Ψ0(q)|

2 undergoes an abrupt transition fromhaving twomaxima to having only onewhenmoving
in the−k → k direction. In the classical and perturbative quantum context this abrupt change corresponds to
an exact quantum transition, which can be associated to the divergent behavior of theCMT.However, in the
exact quantum sense this transition ismoderated by tunneling, resulting in a precursor of aQPT associated to
themaximumof the exactQMTnear k= 0.Nonetheless, this transition can be confirmed only in the
thermodynamic limit.

Infigure 6, we show the numericQMT, the analytical QMT, and the analytical CMT forλ = 0.2. Clearly, we
see that indeed thesemetrics exhibit the same behavior for values of k far from k= 0.However, it is also clear that
the analytic CMTandQMTdiverge at k= 0, while the numericQMT remainsfinite. This behavior is also
reflected in the determinants of the correspondingmetrics.

Infigure 7, we show the corresponding scalar curvatures forλ = 0.2.We observe that the scalar curvatures
of the numericQMTand theCMTare in complete agreement in region k < 0 far form k= 0, where they both
have the value of−4. Also, in the limit k → ∞ the scalar curvature of theQMT tends to−28, while the scalar
curvature of CMT tends to−21.1866, as it can be verified from (42) and (43). Thus, for the regions k< 0 and
k> 0 far form k= 0, we have negative constant scalar curvatures, implying that the associated parameter space
has a hyperbolic geometry. This is a consequence of the fact that for k<< 0, the ground statewave function

Table 3.Coefficients of the classicalmetric tensor (41), up
to orderλ5.

α c 1011 2[ ]( ) ´a
- c 1012 2[ ]( ) ´a

- c 1022 2[ ]( ) ´a
-

0 212.13 212.13 212.13

1 40.625 18.75 0

2 17.678 9.8823 4.4399

3 9.4394 5.481 2.7389

4 5.5548 3.2736 1.7019

5 3.4622 2.0555 1.0902

6 1.8352 1.0193 0.489 49

7 0.500 29 0.189 24

8 0.128 32

Table 4.Coefficients of the scalar curvatures.

α dα hα lα

0 28 21.1866 -4

1 30.5556 0.833 929 0

2 54.6499 60.5879 1.023 88

3 106.587 95.9538 1.849 57

4 220.2 205.334

5 476.399 444.255

6 1073.07 1003.07

7 2507.83 2348.16

8 6067.94 1574.36
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corresponds approximately to twowell-locatedGaussians on each of thewells, and for k >> 0, the ground state
wave function has a dominantGaussian term, apart fromother terms that also contribute. In addition, we can
see that the scalar curvature of the numericQMThas a peak at k = − 0.245 and a localminimumat
k = − 0.48, which are associated to the appearance of the delocalization of the probability distribution, i.e., the
point where the probability density is spread out over the twowells (see figure 2). This shows thatQMT can be
used to predict the appearance of the delocalization of the probability distribution. Finally, notice that the scalar
curvature of theCMTpresents a divergent behavior at k= 0 that signals the appearance of the aforementioned
extreme values (maximumorminimum). In this regard, it is worth noting that the scalar curvature of the
analyticQMTalso exhibits divergent behavior for values close to k= 0 (with k > 0).

The plots of theQMTand analytic CMT for k = − 0.5, presented in figure 8, show an excellent agreement
between the components of thesemetrics. This confirms the usefulness of the classical framework as a tool to be
adopted in order to have afirst glance over the information contained in the parameter space of a quantum
system. The corresponding scalar curvatures of the numericQMTand the analytic CMT for k = − 0.5 are
shown infigure 9. It is remarkable that both scalar curvatures tend to−4 forλ → 0, which can also be seen from
(43) in case ofRcl with k < 0. This reveals that the divergence present in theCMT can be removed by
performing a change of coordinates in the parameter space. It is worthmentioning that in the caseλ = 0 and

Figure 5.Comparison of parameter spacemetric andR obtained from the exact numerical quantum approach (orange) and the
classical approach (blue). The agreement is very good except near the regionwhere k = 0.
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k < 0, theHamiltonian (25) reduces to that of an inverted harmonic oscillator, and then the classical and
quantummethods used in this work cannot be applied, at least in the conventional form.On the other hand, the
origin of the localminimum in the scalar curvature of the numericQMTatλ = 0.215may be analogous to the
one offigure 7, i.e., its appearance corresponds to the separation of the probability distribution into two
branches.

5. Comparison between quantumand classical approaches for the parameter spacemetric

The aimof this section is to carry out amore detailed analysis of theQMT (3) andCMT (13) and to strengthen
the analogy between them. To do this, we employ the same identifications for powers of the action variable
introduced in the previous section. In the appendix Cwe contrast the differences of energies that appears in (3)
and (13). On the other hand, the comparison between themetrics (3) and (13) also suggests that the functions

i
m( )b¢ ¢ are the classical analogs of quantumnon-adiabatic coupling vectors Bi

m( ). Infigure 10we plot Bi
m( ) and

i
m∣ ∣( )b¢ ¢ as functions ofm and m¢, setting k= 1 andλ = 0.2. From this plot, we can see that both Bi

m( ) and i
m∣ ∣( )b¢ ¢

exhibit very similar behavior, approaching each other for small values ofm and m¢. Also, we can notice that the

Figure 6.Comparison of the parameter spacemetrics forλ = 0.2.Orange roundmarkers correspond to the exactQMT, red square
markers correspond to the perturbativeQTM, and the blue line corresponds to the perturbative CTM.

Figure 7.Comparison of the scalar curvatures forλ = 0.2. Orange roundmarkers correspond to the exact quantumR, red square
markers correspond the perturbative quantumR, and the blue line corresponds to the perturbative classical R.
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Figure 8.Comparison of the parameter spacemetrics for k = − 0.5.Orange roundmarkers correspond to the exactQMTand the
blue line corresponds to the perturbative CMT.

Figure 9.Comparison of the scalar curvatures for k = − 0.5.Orange roundmarkers correspond to the exact quantumR and the blue
line corresponds to the perturbative classicalR.

Figure 10.Comparison between Bi
m( ) and i

m( )b¢ ¢ , with k = 1 andλ = 0.2. Orange roundmarkers correspond to Bi
m( ) and blue

squaremarkers correspond to i
m( )b¢ ¢ .
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classical functions i
m( )b¢ ¢ tend to zero faster than their quantum counterparts Bi

m( ). Remarkably and reinforcing

the analogy, for oddm and m¢ both functions Bi
m( ) and i

m( )b¢ ¢ are zero. This is the reasonwhyonly the values of

Bi
m( ) and i

m( )b¢ ¢ for evenm and m¢ appear in the plot.
In the case k = − 1 andλ = 0.2, the functions i

m( )b¢ ¢ are real for even m¢ and purely imaginary for odd m¢.
However, for the same values of k andλ, the coupling vectors Bi

m( ) are real for evenm and vanishes for oddm. In

figure 11, we plot Bi
m( ) as function ofm/2 and i

m∣ ∣( )b¢ ¢ as function of m¢. This plot illustrates the analogous
behavior of Bi

m( ) and i
m∣ ∣( )b¢ ¢ , showing that our classical analog corresponds well to the coupling vectors of the

quantum case.We have plotted Bi
m( ) as a function ofm/2 because of the quasi-degeneration resulting from the

double-well potential, which does not have a classical counterpart.
To aid in a better understanding of this, infigures 12we show Gij

m( ) and  ij
m( )¢ for k= 1 andλ = 0.2.We see

that the significant contributions of Gij
m( ) and  ij

m( )¢ to theirmetrics occur form� 4 and m 4¢  , and that

precisely for these values ofm and m¢ there is good agreement between these quantities. Form > 4 and

m 4¢ > , the contributions of Gij
m( ) and  ij

m( )¢ are of the order of 10−5 or smaller.

In the case k = − 1 andλ = 0.2, the classical function  ij
m( )¢ is real for all m¢, since the product

i
m

j
m *( )( ) ( )b b¢ ¢¢ ¢ is real because i

m( )b ¢ is real for even m¢ and pure imaginary for odd m¢. In the quantum case, the

function Gij
m( ) is nonzero for evenm and zero for oddm. Clearly, this is because the non-adiabatic coupling

Figure 11.Comparison between Bi
m( ) and i

m( )b¢ ¢ , with k = − 1 andλ = 0.2. Orange roundmarkers correspond to Bi
m( ) and blue

squaremarkers correspond to i
m∣ ∣( )b¢ ¢ .

Figure 12.Comparison between Gij
m( ) and  ij

m( )¢ , with k = 1 andλ = 0.2. Orange roundmarkers correspond to Gij
m( ) and blue square

markers correspond to  ij
m( )¢ .
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vector Bi
m( ) is nonzero for evenm and zero for oddm. Infigure 13we plot Gij

m( ) and  ij
m( )¢ as functions ofm and

m¢ for k = − 1 andλ = 0.2.Herewe can also appreciate that the relevant contributions of Gij
m( ) and  ij

m( )¢ to

the quantumand classicalmetrics, respectively, occur form � 5 and m 5¢  . Certainly, the contributions of

Gij
m( ) and  ij

m( )¢ are of the order of10−5 or smaller form > 5 and m 5¢ > . These results suggest that our classical

approach could be used to get afirst idea of the parameter space geometry for the first quantum states.

6. Conclusions

In this paper, we have studied the geometry of the parameter space of the single-well anharmonic oscillator
(k> 0 ) and the quartic double-well potential (k < 0), computing theQMTand theCMT, aswell as their scalar
curvatures. In the quantum setting, we used an exact numerical diagonalization, and a perturbative treatment in
the parameterλ to obtain the ground-state wave function up to 10th order inλ. In the classical framework, we
introduce a formulation of theCMTbased on Fourier series [23] to obtain theCMTup to the 10th order inλ for
the single-well system and up to 6th order inλ for the double-well system.

Identifying the different powers of the action variable that arise from the semiclassical relation (B.1) between
the analytic classical and quantummetrics of the single-well problem,we found that theQMTand theCMTand
their corresponding scalar curvatures have a very close behavior except in points near k= 0, as shown infigure 5.

For afixed value ofλ, far from k= 0, when k < 0, both classical and quantum scalar curvatures take the
value of−4, indicating that the associated parameter space has a hyperbolic geometry in that region. In contrast,
for k > 0 these scalar curvatures do not coincide, probably because in this case the ground state wave function is
not fullyGaussian. TheCMTand its curvature show a divergent behavior at k= 0, which could be associated
with the peaks exhibited by the exact scalar curvature, indicating the appearance of a delocalization of the
probability distribution. For a constant, negative value of k, we found a remarkable agreement between the
numericQMTand analytic CMT, both showing a divergent behavior forλ → 0. At this limit, the scalar
curvatures of bothmetrics tend to−4,meaning that the singularity atλ → 0 is apparent and can be removed by
performing a change of coordinates (parameters). In this case, it is alsoworthmentioning that the scalar
curvature of theQMThas a localminimum,which is absent in its classical counterpart and could be related to a
separation of the probability distribution into two branches.

We also compared in detail the perturbative expression ofQMTwith the Fourier-based expression of the
CMT, exhibiting their close relationship, supporting the view that theCMTacts as the classical version ofQMT.
Furthermore, we can say that taking into account the three analysis procedures used, the calculation of the
quantummetric tensor gives us an excellent description of the delocalization of thewave function in the case of

Figure 13.Comparison between Gij
m( ) and  ij

m( )¢ , with k = − 1 andλ = 0.2. Orange roundmarkers correspond to Gij
m( ) and blue

squaremarkers correspond to  ij
m( )¢ .
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the doublewell potential. This is even achieved from the classical point of view, showing that the tool has a global
view of the system as long as it is worked in the appropriate variables, such as angle-action variables. In this spirit,
the present results can be expanded in futureworks tomore general situations, such as showing if our classical
approximation allows for an acceptable description near themaximumof potential, as it has done in the case of
the doublewell, for example in the Lipkin-Meshkov-Glickmodel [43] or in the case of the inverted harmonic
oscillator [44, 45]. In addition, it would be interesting to study how classical formalismmight be expanded to
provide an initial insight into the parameter space associatedwith the first excited states. Finally, given that the
classical analog of the non-adiabatic coupling vectors has been obtained, it would be interesting to show if our
classical description has any application inmolecularmodeling [46].

Acknowledgments

Weacknowledge the support of the ComputingCenter-ICN, in particular, of E Palacios, LDíaz, and EMurrieta.
This workwas partially supported byDGAPA-PAPIITGrantsNo. IN105422 and IN109523. D.G. acknowledges
thefinancial support of Instituto PolitécnicoNacional, GrantNo. SIP-20230323, and the postdoctoral
fellowship fromConsejoNacional deHumanidades, Ciencia y Tecnología (CONAHCyT),México.

Data availability statement

All data that support thefindings of this study are includedwithin the article (and any supplementary files).

AppendixA. Generating functions and Fourier coefficients

Case k > 0
FunctionsWμ forμ = 1, K, 10:

W a8 sin 2 sin 4 , A.1I

k1 192 0 0

2

3 2 ( ( ) ( )) ( )f f= - - +

W b384 sin 2 132 sin 4 32 sin 6 3 sin 8 , A.1I

k2 55296 0 0 0 0

3

3 ( ( ) ( ) ( ) ( )) ( )f f f f= - + - +

W

c

9264 sin 2 4101 sin 4 1624 sin 6 441 sin 8

72 sin 10 5 sin 12 , A.1

I

k3 5308416 0 0 0 0

0 0

4

9 2 ( ( ) ( ) ( ) ( )
( ) ( )) ( )

f f f f

f f

= - + -

+ -

W

d

11408 sin 2 5644 sin 4 2768 sin 6 sin 8

320 sin 10 65 sin 12 8 sin 14 sin 16 , A.1

I

k4 21233664 0 0 0
2171

2 0

0 0 0
7

16 0

5

6 (
)

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

f f f f

f f f f

= - + - +

- + - +

W

e

3261840 sin 2 1713090 sin 4 945280 sin 6 450270 sin 8

176832 sin 10 54575 sin 12 12600 sin 14 2025 sin 16

200 sin 18 9 sin 20 , A.1

I

k5
7

122305904640 0 0 0 0

0 0 0 0

0 0

6

15 2 ( ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )) ( )

f f f f

f f f f
f f

= - + -

+ - + -
+ -

W

f

3438784 sin 2 sin 4 1111556 sin 6 sin 8

278530 sin 10 sin 12 34744 sin 14 sin 16 sin 18

sin 20 18 sin 22 sin 24 , A.1

I

k6 48922361856 0
3744541

2 0 0
9550433

16 0

0
436033

4 0 0
69727

8 0
4936

3 0

873

4 0 0
11

16 0

7

9 (

)

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

f f f f

f f f f f

f f f

= - + - +

- + - + -

+ - +

W

g

9825412576 sin 2 5476716371 sin 4 3414796056 sin 6

1987448015 sin 8 1040341960 sin 10 475378323 sin 12 185530096 sin 14

60516911 sin 16 16101008 sin 18 3387615 sin 20 539784 sin 22 60907 sin 24

4312 sin 26 143 sin 28 ,

A.1

I

k7 350675489783808 0 0 0

0 0 0 0

0 0 0 0 0

0 0

8

21 2 ( ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ))

( )

f f f

f f f f
f f f f f

f f

= - +

- + - +
- + - + -
+ -

W

h

21017661600 sin 2 11907018980 sin 4 sin 6

4736665695 sin 8 2690310560 sin 10 1370942900 sin 12 615537920 sin 14

sin 16 sin 18 22109724 sin 20 5031712 sin 22

sin 24 125312 sin 26 12298 sin 28 sin 30 sin 32 , A.1

I

k8 1803473947459584 0 0
23057409280

3 0

0 0 0 0
479168405

2 0
238607680

3 0 0 0

2729749

3 0 0 0
2288

3 0
715

32 0

9

12 (

)

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

f f f

f f f f

f f f f

f f f f f

= - + -

+ - + -

+ - + -

+ - + - +
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W

i

2838604924368 sin 2 1627087268250 sin 4 1077391402752 sin 6

692748547848 sin 8 418042653696 sin 10 230923291308 sin 12 114908848992 sin 14

50823988380 sin 16 19735646368 sin 18 6642798660 sin 20 1910480256 sin 22

461485548 sin 24 91604736 sin 26 14510691 sin 28

1758744 sin 30 152685 sin 32 8424 sin 34 221 sin 36 ,

A.1

I

k9
11

6232805962420322304 0 0 0

0 0 0 0

0 0 0 0

0 0 0

0 0 0 0

10

27 2 ( ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ))
( )

f f f

f f f f
f f f f

f f f
f f f f

= - +

- + - +
- + - +
- + -
+ - + -

W

j

9186469977056 sin 2 5311969531237 sin 4 3586272994472 sin 6

sin 8 sin 10 884878319954 sin 12 476281378048 sin 14

sin 16 101347955904 sin 18 sin 20 13367025784 sin 22

sin 24 999988518 sin 26 sin 28 sin 30

sin 32 571480 sin 34 sin 36 2210 sin 38 sin 40 .

A.1

I

k10 4155203974946881536 0 0 0

9528014994589

4 0
7529224160272

5 0 0 0

464168079361

2 0 0
196368227671

5 0 0

63203940789

16 0 0
853040643

4 0
187506696

5 0

42255655

8 0 0
177905

4 0 0
4199

80 0

11

15

)

( ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )

f f f

f f f f

f f f f

f f f f

f f f f f

= - + -

+ - + -

+ - + -

+ - + -

+ - + - +

Classical functions I x, ;1 0( )f and I x, ;2 0( )f up to the fourth order inλ (the complete list can be
obtained under request):

 sin 16 cos 2 4 cos 4 sin 768 cos 2

528 cos 4 192 cos 6 24 cos 8 sin 18528 cos 2

16404 cos 4 9744 cos 6 3528 cos 8 720 cos 10 60 cos 12 sin

22816 cos 2 22576 cos 4 16608 cos 6 8684 cos 8

3200 cos 10 780 cos 12 112 cos 14 7 cos 16 sin , A.2

I

k

I

k

I

k

I

k

I

k

1
2

0 192 0 0
2

0 55296 0

0 0 0
2

0 5308416 0

0 0 0 0 0
2

0

21233664 0 0 0 0

0 0 0 0
2

0

1 2

2

2

3 2

7 2

4 3

5

5 4

13 2

( ) ( ( ) ( )) ( ) ( ( )

( ) ( ) ( )) ( ) ( ( )

( ) ( ) ( ) ( ) ( )) ( )

( ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )) ( ) ( )

f f f f f

f f f f f

f f f f f f

f f f f

f f f f f

= - - + + -

+ - + +

- + - + -

+ - + - +

- + - +

l l

l

l



A.3

sin 16 cos 2 4 cos 4 sin 64 cos 2

16 cos 2 44 cos 4

8 cos 2 cos 4 cos 4 16 cos 6 2 cos 8 sin

16 cos 2 4 cos 4 768 cos 2 528 cos 4 192 cos 6 24 cos 8 sin

18528 cos 2 16404 cos 4 9744 cos 6 3528 cos 8 720 cos 10

60 cos 12 sin 768 cos 2 528 cos 4 192 cos 6

24 cos 8 sin 16 cos 2 4 cos 4 18528 cos 2

16404 cos 4 9744 cos 6 3528 cos 8

720 cos 10 60 cos 12 sin 22816 cos 2 22576 cos 4

16608 cos 6 8684 cos 8 3200 cos 10 780 cos 12 112 cos 14

7 cos 16 sin .

I

k

I

k

I

k

I

k

c

I

k

2 6
4

0 576 0 0
4

0 13824 0

2
0 0

0 0
2

0 0 0
4

0

1

31850496 0 0 0 0 0 0
4

0

1
0 0 0 0 0

0
4

0
1

18345885696 0 0 0

0
2 4

0
1

3057647616 0 0 0

0 0 0

0 0
4

0
1

63700992 0 0

0 0 0 0 0

0
4

0

2 3

5 2

4 2

4

5 3

11 2

6 4

7

(

(

( )

( ) ( ( ) ( )) ( ) ( ( )

( ) ( )
( ) ( ) ( ) ( ) ( )) ( )

( ( ) ( ))( ( ) ( ) ( ) ( )) ( )

( ( ) ( ) ( ) ( ) ( )

( )) ( )) ( ( ) ( ) ( )

( )) ( ) ( ( ) ( ))( ( )
( ) ( ) ( )

( ) ( )) ( ) ( ( ) ( )
( ) ( ) ( ) ( ) ( )

( )) ( ))

f f f f f

f f

f f f f f f

f f f f f f f

f f f f f

f f f f f

f f f f f

f f f

f f f f f

f f f f f

f f

= - - + + -

+ +

- + - +

+ - - + - + - +

+ - + - +

- + - + -

+ - - +

- + -

+ - + - +

- + - + -

+

l l

l

l

Coefficients I x;n
1 ( )( )b ¢ and I x;n

2 ( )( )b ¢ for n 0, 1, , 10¢ =  ¼  :

a, A.4

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

1
0

2 16

85

4608

125

18432

39193

14155776

204281

169869312

17750261

32614907904

132347765

521838526464

435757124275

3606947894919168

281528168779

4809263859892224

79655597681647

2770135983297921024

2

2

3 2

7 2

4 3

5

5 4

13 2

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - + - +

- + - +

l l l l l l

l l l l

b, A.4

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

1
2

4

5

192

83

12288

3965

1769472

94969

113246208

5502505

16307453952

446236787

3131031158784

1040920667

16698832846848

403835109703

14427791579676672

2221131730877

173133498956120064

198708866965765

33241631799575052288

2

2

3 2

7 2

4 3

5

5 4

13 2

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - + - + -

+ - + -

l l l l l l

l l l l



c, A.4

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

1
4

192

11

4608

479

442368

3557

7077888

3888053

16307453952

15026351

130459631616

2121579677

37572373905408

50528138287

1803473947459584

19446977965327

1385067991648960512

235859488654553

33241631799575052288

2

2

3 2

7 2

4 3

5

5 4

13 2

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - + -

+ - + -

l l l l l l

l l l l
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d, A.4

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

1
6

12288

13

196608

395

9437184

66187

2717908992

791329

57982058496

62666879

8349416423424

4366456033

1068725302198272

113442334381

51298814505517056

11751695020477

9849372385059274752

3 2

7 2

4 3

5

5 4

13 2

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - + - +

- + -

l l l l l l

l l l



e, A.4

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

1
8

884736

7

5308416

545

509607936

36581

48922361856

28045

57982058496

8418031

28179280429056

3875661979

21641687369515008

218564097493

2077601987473440768

4 3

5

5 4

13 2

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - + -

+ -

l l l l l l

l l



f, A.4

I

k

I

k

I

k

I

k

I

k

I

k

I

k

1
10 5

339738624

365

16307453952

2165

97844723712

1357895

75144747810816

63775105

4809263859892224

6300898345

692533995824480256

99135644645

16620815899787526144

5 4

13 2

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - + -

+ -

l l l l l

l l



g, A.4

I

k

I

k

I

k

I

k

I

k

I

k

1
12

5435817984

5

14495514624

1679

4174708211712

225889

601157982486528

11872213

38474110879137792

107583905

461689330549653504

6 5

8

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + - +

-

l l l l l

l



h. A.4

I

k

I

k

I

k

I

k

I

k

1
14 7

3131031158784

749

150289495621632

48293

7213895789838336

1625743

230844665274826752

851071067

132966527198300209152

7 6

19 2

8 7

11

9 8

25 2

10 9

14

11 10

31 2 ( )

( )b = - + -

+ -

l l l

l l



a, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
0

16

17

1152

125

24576

3563

1769472

145915

169869312

1044133

2717908992

185286871

1043677052928

18945961925

225434243432448

21656012983

534362651099136

13733723738215

692533995824480256

40804547578795

4155203974946881536

2 3

5 2

4 2

4

5 3

11 2

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - + - +

- + - +

l l l l l l

l l l l

b, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
2

24

7

768

655

221184

11855

10616832

310421

679477248

9634829

48922361856

1654242575

18786186952704

72953410571

1803473947459584

273767449847

14427791579676672

25069842323593

2770135983297921024

872657478596255

199449790797450313728

2 3

5 2

4 2

4

5 3

11 2

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - + - + -

+ - +

-

l l l l l l

l l l

l



c, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
4

96 768

13

73728

113

10616832

257515

8153726976

4700251

195689447424

10397377

695784701952

7786939537

901736973729792

3338632139569

692533995824480256

43927833582367

16620815899787526144

2288575869972055

1595598326379602509824

2 3

5 2

4 2

4

5 3

11 2

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + + - + -

+ - +

-

l l l l l l

l l l

l



d, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
6

2304

17

73728

779

7077888

52805

1019215872

532487

21743271936

18274109

1565515579392

1124861431

200385994162176

52366851143

19237055439568896

2456402477509

1846757322198614016

1044030329402455

1595598326379602509824

3

5 2

4 2

4

5 3

11 2

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - + - +

- + -

+

l l l l l l

l l l

l



e, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
8 5

442368 98304

1741

254803968

100921

24461180928

1854211

782757789696

18650465

14089640214528

291825893

400771988324352

412152359593

1038800993736720384

76200897469177

354577405862133891072

4 2

4

5 3

11 2

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - + -

+ - +

l l l l l l

l l l



f, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
10 5

21233664

605

2038431744

49655

195689447424

1730915

9393093476352

221147005

1803473947459584

1116576365

14427791579676672

130702718095

2770135983297921024

207488895935

7387029288794456064

5 3

11 2

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - + -

+ - +

l l l l l

l l l



g, A.5

I

k

I

k

I

k

I

k

I

k

I

k

I

k

2
12 35

8153726976

151

21743271936

45013

6262062317568

5484323

901736973729792

264896183

57711166318706688

2230866583

692533995824480256

429090687803

199449790797450313728

6 4

7

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - +

- +

l l l l l

l l



h. A.5

I

k

I

k

I

k

I

k

I

k

I

k

2
14 7

97844723712

2653

18786186952704

309169

1803473947459584

1591303

9618527719784448

2319042901

16620815899787526144

3581080741

33241631799575052288

7 5

17 2

8 6

10

9 7

23 2

10 8

13

11 9

29 2

12 10

16 ( )

( )b = - + - +

- +

l l l l

l l



Case k < 0
FunctionsWμ forμ = 1, K, 10:

W a9 cos cos 3 , A.6I

k1 12 2 3 0 0

3 2

4 3 4 ( ( ) ( )) ( )
( )

f f= - +
-

W b37 sin 2 8 sin 4 sin 6 , A.6I

k2 384 2 0 0 0

2

3 2 ( ( ) ( ) ( )) ( )
( )

f f f= - - +
-
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W

c

2406 cos 888 cos 3 336 cos 5 69 cos 7 7 cos 9 ,

A.6

I

k3 18432 2 3 0 0 0 0 0

5 2

3 4 9 4 ( ( ) ( ) ( ) ( ) ( ))

( )
( )

f f f f f= - - + - +
-

W

d

6504 sin 2 2841 sin 4 1188 sin 6 348 sin 8 60 sin 10

5 sin 12 , A.6

I

k4 442368 0 0 0 0 0

0

3

3 ( ( ) ( ) ( ) ( ) ( )
( )) ( )

f f f f f

f

= - - + - + -

+

W

e

4906185 cos 2061605 cos 3 1134741 cos 5 505545 cos 7

175085 cos 9 41865 cos 11 6105 cos 13 429 cos 15 ,

A.6

I

k5 188743680 2 3 0 0 0 0

0 0 0 0

7 2

4 15 4 ( ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ))
( )

( )
f f f f

f f f f

= - + - +

- + - +
-

W

f

601389 sin 2 305226 sin 4 170369 sin 6 81906 sin 8

31413 sin 10 9106 sin 12 1839 sin 14 231 sin 16 14 sin 18 , A.6

I

k6 84934656 2 0 0 0 0

0 0 0 0 0

4

9 2 ( ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )) ( )
( )

f f f f

f f f f f

= - - + -

+ - + - +
-

W

g

17403059940 cos 7561686566 cos 3 4693975146 cos 5

2657276376 cos 7 1330840168 cos 9 552365079 cos 11 181745025 cos 13

45127082 cos 15 7885878 cos 17 867867 cos 19 46189 cos 21 ,

A.6

I

k7 1217623228416 2 3 0 0 0

0 0 0 0

0 0 0 0

9 2

3 4 21 4 ( ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ))

( )

( )
f f f

f f f f
f f f f

= - - +

- + - +
- + - +

-

W

h

46426448 sin 2 24902680 sin 4 15580848 sin 6 9103525 sin 8

4689512 sin 10 2060452 sin 12 744152 sin 14 213052 sin 16 46216 sin 18

7116 sin 20 696 sin 22 33 sin 24 ,

A.6

I

k8 21743271936 0 0 0 0

0 0 0 0 0

0 0 0

5

6 ( ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ))
( )

f f f f

f f f f f
f f f

= - + - +

- + - + -
+ - +

W

i

29825420608692 cos 13119866088564 cos 3

8590881168369 cos 5 5419669290273 cos 7 3209105952051 cos 9

1696298165091 cos 11 777910346658 cos 13 301429404354 cos 15

95900963886 cos 17 24247831374 cos 19 4668334827 cos 21

642333627 cos 23 56497545 cos 25 2414425 cos 27 , A.6

I

k9 6412351813189632 2 3 0 0

0 0 0

0 0 0

0 0 0

0 0 0

11 2

4 27 4 ( ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )) ( )

( )
f f

f f f
f f f

f f f
f f f

= - +

- + -
+ - +
- + -
+ - +

-

W

j

45945339825 sin 2 25307205900 sin 4 16767524845 sin 6

10811740260 sin 8 6456248907 sin 10 3480781220 sin 12 1652572455 sin 14
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Appendix B. Identification for the action variable

Here, we determine the value of the action variable I and its various powers by using the semiclassical
relationship between classical and quantummetrics [22]

 g g . B.1ij ij
2 cl ( )=

For themetrics components (24) and (34) of the case k > 0we have the relations  g g2
11 11

cl= ,  g g2
12 12

cl= ,

and  g g2
22 22

cl= . For each of these relations, we get an identification of theα-th power of the action variable I as
I f( )=a

a
a (α = 1, 2, K, 14)where fα are the numerical coefficients. However, using (24) and (34) the

values obtained for fα from each relation are slightly different. Then, we take as the value of fα the average value of
the resulting values, obtaining f1= 0.5, f2 = 1, f3= 1.1447, f4= 1.2484, f5= 1.3372, f6= 1.4186, f7= 1.4962,
f8= 1.5720, f9= 1.6470, f10 = 1.7219, f11 = 1.7972, f12 = 1.8730, f13 = 1.9433, and f14 = 2.0120. In
figure B1, we show fα as a function ofα.
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AppendixC. Comparison of differences of energies

Comparing the quantummetric (3) and the classicmetric (13), suggests that exact excitation energies, Em− E0,
have a counterpart in the classical approximation given by the harmonic oscillator energies m w¢ . Infigure C1(a)
weplotEm− E0 and m w¢ for k= 1 andλ = 0.2, finding that for small values ofm and m¢ (m m, 10¢ < ), the
quantitiesEm− E0 and m w¢ remain close to each other.However, for large values ofm and m¢ (m m, 10¢ > ),
Em− E0 deviates from the linear behavior of m w¢ , which is a consequence of quantum corrections. On the other
hand, in table C1 are shown thefirst seven values of the energies for the case k = − 1 andλ = 0.2. From this it
is clear that Em ≈ Em+1 for evenm, which is a quasi-degeneration that emerges as a consequence of the double
well potential. In contrast, in the classical case, all ‘excitation’ energies m w¢ appear only once. This is because, in
the classical perturbation formalism for the case k < 0, we have considered only one of thewells, the one
associatedwith the fixed pointχ1. It can be verified that employing thewell involving thefixed pointχ2, the

Figure B1.Coefficients fα of the identifications as a functionα.

FigureC1.Comparison betweenEm − E0 and m w¢ . Orange roundmarkers correspond to Em − E0 and blue squaremarkers
correspond to m w¢ .

Table C1.Energies
in the case k = − 1
andλ = 0.2.

n En

0 0

1 1.04 × 10−11

2 1.360 866

3 1.360 866

4 2.661 983

5 2.661 984

6 3.893 522

7 3.893 550
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resultingCMT for k < 0 is again (41). InfigureC1(b)weplot Em− E0 and m w¢ as functions ofm/2 and m¢,
respectively.We can see that both quantities present a similar behavior for small values ofm (m/2 < 20) and
m¢ (m 20¢ < ).
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